Abstract
Introduction
Let G be a graph. Let V (G) be its set of vertices and E(G) be its set of edges. A triangle in G is synonymous with a 3-cycle. We say that two cycles (or faces) of a graph are adjacent if they share at least one common edge. Two cycles (or faces) are intersecting if they share at least one common vertex. The distance, denoted by dist(x, y), between two vertices x and y is the length of a shortest path connecting them in G. The distance between two triangles T and T is defined as the value min{dist(x, y)|x ∈ V (T ) and y ∈ V (T )}.
A
proper vertex coloring of a graph G is an assignment c of integers (or labels) to the vertices of G such that c(u) = c(v) if the vertices u and v are adjacent in G. A graph G is list L-colorable if for a given list assignment L = {L(v) : v ∈ V (G)} there exists a proper coloring c of the vertices such that ∀v ∈ V (G), c(v) ∈ L(v). We say that c is an L-coloring of G. If G is list L-colorable for every list assignment with |L(v)| k for all v ∈ V (G), then G is k-choosable.
All 2-choosable graphs were characterized completely in [3] . Thomassen [10] proved that every planar graph is 5-choosable, whereas Voigt [12] presented an example of a planar graph which is not 4-choosable. Thus, it remains to determine whether a given planar graph is 3-or 4-choosable. In [5] , Gutner proved that these problems are NP-hard. Therefore, many authors tried to find sufficient conditions for a planar graph to be 3-or 4-choosable. Alon [1] proved that every planar bipartite graph is 3-choosable. Thomassen [11] proved that every planar graph of girth 5 is 3-choosable. More recently, some new sufficient conditions for a planar graph to be 3-choosable have been given. These conditions include: having no 3-, 5-and 6-cycles [8] ; having no 4-, 5-, 6-and 9-cycles [18] ; or having no 4-, 5-, 7-and 9-cycles [17] . The reader is referred to [7, 9, 15, 16] for results about the 4-choosability of planar graphs. In this paper, we investigate the 3-choosability of planar graphs with spare triangles and without cycles of special length. We prove that:
(1) Every planar graph without 4-and 5-cycles, and without two triangles at distance less than 4 is 3-choosable.
(2) Every planar graph without 4-, 5-and 6-cycles, and without two triangles at distance less than 3 is 3-choosable.
Moreover we show that: (3) There exists a non-3-choosable planar graph without 4-cycles, 5-cycles and intersecting triangles.
The paper is organized as follows. In the remaining of this section, we define some notation used throughout the paper. In Section 2, we establish the two sufficient conditions for planar graphs to be 3-choosable. An example of a planar graph concerning the Bordeaux 3-coloring conjecture [2] will be provided in Section 3. Section 4 includes two open problems on 3-choosability of planar graphs.
Let G be a plane graph. Let F (G) denote the set of faces of G. For a face f ∈ F (G), we use b(f ) to represent the boundary walk of f and write
. . , u n are the boundary vertices in the cyclic order. Moreover, we write simply that V (f ) = V (b(f )). The degree of a face is the number of edge-steps in its boundary walk. Note that each cut-edge is counted twice. If b(f ) forms a cycle, we call f a simple face. Obviously, each face of degree at most 5 is a simple face when G contains no vertices of degree less than 2.
When v is a k-vertex, we say that there are k-faces incident to v. However, these faces are not required to be distinct, i.e., v may have repeated occurrences on the boundary walk of some of its incident faces.
Two sufficient conditions on 3-choosability
A minor vertex is said to be light if it is incident to a 3-face. We say that a face f of G is good if either d(f ) 7, or d(f ) = 6 and f is not incident to a light 3-vertex.
Theorem 1.
Every plane graph without 4-cycles, 5-cycles, and without triangles at distance less than 4 is 3-choosable.
Proof. The proof is proceeded by contradiction. Suppose that G is a minimal counterexample to the theorem (i.e., with the smallest vertex number). Let L be a list assignment of G with |L(v)| = 3 for all v ∈ V (G) such that G is not list L-colorable. Thus, G is connected, without 4-faces and 5-faces, and satisfies the following claims: Claim 1. There are no two triangles at distance less than 4.
Proof. By hypothesis.
Claim 2. G does not contain any vertices of degree less than 3.
Proof. Suppose that G contains a vertex u of degree less than 3. By the minimality of G, G − u admits an L-coloring c. In G, we can color u with a color in L(u) different from the colors of its neighbors to extend c to an L-coloring of G. This is a contradiction.
Claim 3. G does not contain any 6-cycle C such that each vertex of C is of degree 3.

Proof. Suppose that G contains a 6-cycle C with d(x) = 3 for all vertices x ∈ V (C). For each x ∈ V (C), we use x to represent the neighbor of x belonging to V (G)\V (C). By the minimality of
Since every even cycle is 2-choosable, C is list L -colorable and, therefore, G is list L-colorable, producing a contradiction.
By Euler's formula |V (G)| − |E(G)| + |F (G)| = 2 and the relation
we can derive the following identity:
Define a weight function w by w(
Thus, the total sum of weights is equal to −12. Now we are going to describe a discharging process that will redistribute the weights w(x) of faces to its incident vertices while the total sum of weights is kept fixed. In precise, we define the following discharging rules:
(R1) Every face of degree at least seven gives We introduce a notation (f → v) that denotes the amount of weight transferred from a face f to its incident vertex v according to (R1)-(R3). Let w (x) denote the final weight function when the discharging is complete. It suffices to show that w (x) 0 for all x ∈ V (G) ∪ F (G) to obtain the following contradiction:
by Claim 2 and v is incident to at most one 3-face by Claim 1.
When v is incident to a 3-face, that is, v is a light 3-vertex, each of the other faces incident to v is of degree at least six and gives 
. So suppose that f 3 is a 6-face. Since dist(v, t) 3 for any vertex t ∈ V (f 3 ), f 3 cannot be adjacent to a 3-face by Claim 1 and furthermore cannot be incident to a light 3-vertex. This implies that f 3 is a good 6-face and henceforth (f 3 → v) = 1 by (R2). Consequently, we have w (v) − 2 + 1 + 2 × 
Claim 4. The vertex v is incident to at least two good faces.
Proof. In order to prove Claim 4, we suppose, without loss of generality, that at most f 4 is a good face. Thus f 1 , f 2 , f 3 are 6-faces, each of which must be adjacent to some 3-face. We set
Let f be a 3-face adjacent to f 2 . Denote by e an edge shared by f 2 and f . It is immediate to see that e ∈ {v 2 y 1 , y 1 y 2 , y 2 y 3 , y 3 v 3 }. If e = v 2 y 1 , then it is easy to check that dist(v 2 , t) 3 for all t ∈ V (f 3 )\{z 2 }, implying that f 3 cannot be adjacent to a 3-face by Claim 1, which is a contradiction. If e = y 1 y 2 , then dist(y 1 , t) 3 for all t ∈ V (f 1 )\{x 1 }. This means that x 1 is the only vertex in V (f 1 ) that is incident to a 3-face possibly. Thus, no edge in b(f 1 ) can be incident to a 3-face, i.e., f 1 is not adjacent to any 3-face, also a contradiction. For e = y 2 y 3 , or e = y 3 v 3 , we can derive similarly that f 1 or f 3 cannot be adjacent to any 3-face. Claim 4 is proved.
• Suppose that d(v) = 5. Then w(v) = −1. Similar to the previous argument, we can show that v is incident to at least one good face and thus w (v) − 1 + 1 = 0 by (R1) and (R2).
is of degree greater than 3 by Claim 3. Thus w (f ) 6 − 2 × • If d(f ) = 7, then w(f ) = 8. Since f is adjacent to at most one 3-face and hence is incident to at most two light 3-vertices, we derive that
denote the number of light 3-vertices incident to f. By Claim 1, it is not difficult to conclude that l(f )
This completes the proof of the theorem.
Theorem 2. Every plane graph without cycles of length from 4 to 6 and without triangles at distance less than 3 is 3-choosable.
Proof. Suppose that the theorem is false. Let G be a minimal counterexample, and let L be a list assignment of G with |L(v)| = 3 for all v ∈ V (G) such that G is not list L-colorable. Then G is connected, having neither vertices of degree less than 3 nor two triangles at distance less than 3. Since G contains no 4-cycles and 5-cycles, G contains no 4-faces and 5-faces. If G contains a 6-face f, then f is not a simple face because of the absence of 6-cycles. It is easy to notice that the boundary of f consists of two 3-cycles C and C which intersect at the only one common vertex. It follows that the distance between C and C is equal to 0, contradicting the assumption on G. This shows that G cannot contain a 6-face.
To complete the proof, we rewrite Euler formula into the following new form:
and define the initial weight function w(x) = d(x) − 4 for all x ∈ V (G) ∪ F (G).
This time, the only one discharging rule is designed below:
(R) Every face of degree at least 7 gives Analogously to the proof of Theorem 1, if we can verify that the resulting weight function w satisfies w (x) 0 for all x ∈ V (G) ∪ F (G), then the following contradictory inequality will finish our proof: (G) w(x) = −8.
Suppose that v is a vertex. Then d(v) 3.
•
• Assume that d(v) = 3 and so w(v) = −1. Since G contains no two triangles at distance less than 3, which implies that G has no two adjacent 3-faces, so v is adjacent to at most one 3-face. If v is not adjacent to any 3-face, then w (v) = −1 + 3 × • Assume that d(f ) = 3, then w(f ) = −1. Noting that each of the faces adjacent to f is of degree at least 7, we derive that w (
We see that w(f ) = 3. Since there do not exist two triangles at distance less than 3, f is adjacent to at most one 3-face, and furthermore is incident to at most two light 3-vertices. It turns out that
denote the number of 3-faces adjacent to f, and again let l(f ) denote the number of light 3-vertices incident to f. Since G contains no triangles at distance less than 3, it is easy to deduce that
. Moreover, we note that a 3-face adjacent to f leads to increase at most two light 3-vertices for f,
. Applying these facts, we estimate the total sum, denoted by S(f ), of weights transferred from f to its adjacent 3-faces and incident 3-vertices according to the rule (R):
An example on Bordeaux 3-color conjecture
In studying the colorability and choosability of graphs, a naturally logical question is to ask if a sufficient condition for k-colorability is also a sufficient condition for k-choosability? Unfortunately, the answer is usually negative, even for planar graphs. The well-known Grötzsch's Theorem [4] states that every triangle-free planar graph is 3-colorable. However, Voigt [13] gave an example of a triangle-free planar graph that is not 3-choosable. In 1976, Steinberg conjectured that every planar graph without 4-and 5-cycles is 3-colorable. Recently, Voigt [14] proved that there exist planar graphs without 4-and 5-cycles which are not 3-choosable. So, what are the "good" sufficient conditions?
In 1969, Havel asked if there existed a constant C such that every planar graph with the minimal distance between triangles at least C is 3-colorable [6] . This problem remains widely open. Borodin and Raspaud [2] proved that every planar graph with neither 3-cycles at distance less than 4 nor 5-cycles is 3-colorable. Moreover, they made the following conjecture:
Conjecture 1 (Bordeaux 3-color conjecture). Every planar graph without intersecting 3-cycles and without 5-cycles is 3-colorable.
In this section, we shall prove that, like Grötzsch's Theorem and Steinberg's Conjecture, the Bordeaux 3-color conjecture cannot be extended to the list coloring situation. In precise, we have the following: Theorem 3. There exists a non-3-choosable planar graph without 4-cycles, 5-cycles and intersecting triangles. Fig. 1 and L a,b its list assignment. Given the colors a and b of the vertices x and t, we cannot properly color the vertices of H (x, t) with a color from their lists. To see this, observe first that if the colors of the vertices x and t (a and b with a = b) are given then we have only two choices to color the vertices y and z: either we color y with 1 and z with 2, or we color y with 2 and z with 1. In the first case (resp., second case), we consider the top part of the graph (resp., the bottom part). Assume that we color y with 1 and z with 2. The coloring of x, y, z, t implies that u 1 must be colored with 3, v 1 with 6 and w 1 with 7. Now there are two cases for the coloring of the vertices r 1 and s 1 :
Proof. Let H (x, t) be the graph depicted in
(1) We color r 1 with 8 and s 1 with 9. And so, the vertex o 1 must be colored with 3, p 1 with 4, and q 1 with 5. Finally, we cannot color the triangle T 1 : for each incident vertex, we have only the two available colors 1 and 2. (2) We color r 1 with 9 and s 1 with 8. Consequently, the adjacent vertices m 1 and n 1 must be colored with 5, which is impossible. Now, if we color y with 2 and z with 1, by the same way on the bottom part of H (x, t), we cannot color properly H (x, t).
We construct the graph H * as follows: for each pair (a, b) ∈ {10, 11, 12} × {13, 14, 15}, let H (x i , t i ) (1 i 9) be a copy of H (x, t) with the list assignment L a,b . So, we have nine copies of H (x, t): H (x 1 , t 1 ) with the list assignment L 10,13 , H (x 2 , t 2 ) with the list assignment L 10,14 , H (x 3 , t 3 ) with the list assignment L 10, 15 , and so on. We then identify all the vertices x i (resp., t i ), 1 i 9, to a vertex x * (resp., t * ). We assign the list {10, 11, 12} to the vertex x * and the list {13, 14, 15} to the vertex t * . Now, for any coloring of the vertices x * and t * with the colors c 1 and c 2 , there exists a copy H (x j , t j ) with the list assignment L c 1 ,c 2 for which we cannot color properly. The graph H * contains 56 × 9 + 2 = 506 vertices and does not contain any 4-, 5-cycles and intersecting triangles.
Concluding remarks
It is unknown if Theorem 1 is best possible in the sense that there exists a planar graph without 4-and 5-cycles and without triangles at distance less than 3 which is not 3-choosable. A similar question may be made for Theorem 2.
Let d 1 denote the least integer k such that every planar graph without 4-and 5-cycles, and without triangles at distance less than k is 3-choosable. Theorems 1 and 3 assert that 2 ≤ d 1 
